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A N A L Y S I S  O F  T H E  E F F I C I E N C Y  O F  R E C T I F Y I N G  
P L A T E S  I N  C R O S S  M O T I O N  O F  P H A S E S  

V. N. Pavlechko UDC 66.048.375 

The efficiency of  rectifying plates in cross motion of phases is analyzed. The equilibrium of vapor escaping 

from an ideal plate with a mean content of liquid on the plate equal to the mean value of vapor composition 

at the inlet and outlet from the plate is assumed. Four versions of interaction between an ideal and an actual 

plate are suggested. The equality of the efficiencies in vapor and liquid phases in each version is proved. 

Some versions are compared to the Murphree and Hausen models. The ratios between the efficiencies of the 

plates are obtained for the considered versions. 

The complex nature of mass-transfer processes occurring on rectifying plates and diversity of designs and 
dimensions of the apparatuses cause difficulties in their calculation. 

Rectifying plates with cross motion of phases are the most widely used in practice (Fig. 1). A liquid of the 

composition Xn that gets on the n-th plate interacts with vapor, is depleted by an easily volatile component, and 

leaves the plate with a concentration Xn-1. The concentrations of the easily volatile component in the liquid at the 
inlet to and outlet from the plate can greatly differ from each other, thus substantially affecting the composition of 

the vapor after the plate. Vapor with an initial composition Yn-1 is enriched by the easily volatile component, then 

after the initial portion of the plate it has a composition Yin, and after the final portion it is Yfin, that is smaller than 

Yin" The mean composition of the vapor after the n-th plate is Yn" Along the path of the liquid on the plate, which 
considerably exceeds the height of the liquid layer on the plate, we can assume the absence of transverse mixing 

of liquid. Then, for an ideal plate which has an infinitely large surface of mass transfer, the vapor escaping from 

the initial portion should be in equilibrium with the liquid reaching the plate, and the vapor escaping from the final 

portion, with the liquid leaving the plate. 

Equating the composition of the entire amount of vapor leaving an ideal plate to that of the vapor after the 

initial portion of it leads to overestimated values of the composition of the vapor after an ideal plate, and equating 

the composition of the vapor after the final portion of the plate, to underestimated. In turn, overestimated values 

of the composition of vapor after an ideal plate cause lower values of the efficiency of an actual plate, and 
underestimated ones - higher values of the efficiency, which in a number of cases can exceed unity. This indicates 

that an actual plate operates more effectively compared to ideal. 

Widely used models of mass transfer on the plate suggested in [ 1, 2 ] assume equilibrium of the vapor after 

an ideal plate with the composition of the liquid leaving it, thus leading to overestimated values of the efficiency of 
the plate, sometimes by an order and higher. Due to this, the models [1, 2 ] are applicable only to plates with 

intense mixing of the liquid on the plate or in a straight motion of vapor and liquid phases. In a cross motion of 

the components use of these models can lead to considerable errors. 
In the model of [3-6 ] the equilibrium between the vapor leaving the plate and the liquid at the center of it 

is considered. Due to the difficulty of measurement of this concentration of the liquid in practice, the authors 

suggested substituting it with a mean value between the initial and final concentrations. 

For a cross section of phases it is expedient to take into account also the composition of the vapor after the 

initial portion of the plate. With uniform depletion of the liquid during its motion on the ideal plate we can assume 
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Fig. 1. Schematic of the cross motion of phases on actual (a) and ideal (b) 

plates. 

a mean composition of the escaping vapor that is in equilibrium with the arithmetic-mean composition of the liquid 

on it, i.e., 

* Yin + Yfin m (Xin + Xfin) (1)  
Y n - -  2 -- 2 

An analysis of possible relations between ideal and actual plates allows one to distinguish the versions that 

are shown in Fig. 2 and reflect the change in the concentrations of the easily volatile component in vapor and liquid 

phases during the motion of the liquid from the beginning to the end of the plate. 
On the scheme of the change in the concentrations given in Fig. 2a, the incoming flows of the vapor and 

the escaping flows of the liquid have the same compositions for ideal and actual plates. This condition is typical of 
the Murphree model in an analysis of the efficiency in the vapor phase [1, 7 ]. In this scheme the equation of 

material balance for an ideal plate can be presented in the form 

L [(Xn) 1 - Xn_ I ] = V [(Yn)l - Y n - l l ,  (2) 

the efficiencies in the vapor and liquid phases being 

Yn -- Y n -  1 
- . , ( 3 )  

E l m e a n ' v  (Yn)l - Y n - 1  

Xrt -- X n - I  
- . , ( 4 )  

E l m e a n ' l i q  (Xn) 1 - x n _  1 

respectively, with relations (2) and (3) being similar to the Murphree model. 
The relation between ideal and actual plates for the scheme presented in Fig. 2b is achieved under the 

condition of the equality of the composition of escaping flows of the vapor and the incoming flows of the liquid on 

both plates. In an analysis of the efficiency in the liquid [1, 7] both plates in the Murphree model have a similar 

relation. In contrast to the Murphree model, the equation of material balance for an ideal plate (Fig. 2b) can be 

presented as 

L [ X n - ( X n _ l )  2] = V [Yn - (Yn-1)2]" (5) 

The efficiency in the vapor phase is unlike, and in the liquid is the same as, that in the Murphree model 
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Fig. 2. Change in concentrations on actual (sol id lines) and ideal (dashed 

lines) rectifying plates. 

Yn --  Y n -  I 
E2mean. v - , (6) 

Yn - -  ( Y n - 1 ) 2  

Xn - -  Xrt--  1 
E2mean,l iq = * �9 ( 7 )  

X n - -  ( X n _ l )  2 

The condit ion of the relation between ideal and actual plates shown in Fig. 2c is the same as for the Hausen  

model - the flows of the vapor and the liquid reaching both plates are equal in composit ion and quantity [2, 7 ]. 
In this scheme,  as in the Hausen model,  the equation of material balance of an ideal plate 

L I x n - ( X n _ l )  3 ] = V [(Y,Oa - Y n - 1 ]  (8) 

and the express ions  for the efficiency in vapor and liquid phases 

Yn - -  Y n -  1 
E3mean, v y. (9) 

( ,,)3 - Y,,-I 

also coincide. 

Xn -- x n - -  1 
E3mean, l iq  -- . ( 1 0 )  

x , ~ -  (xn_l )  3 



For the scheme presented in Fig. 2d the equali ty of the compositions of the vapor and the liquid escaping 

from ideal and actual plates is typical. In this case the  equation of material balance of an ideal plate has the form 

Z [ (xn)  4 - X n _  1 ] = V [Yn - (Yn-1)4l,  (11) 

the relations for the efficiency in the vapor phase and  the liquid are 

Yn -- Y n -  1 
E4mean,v -- * , (12) 

Yn - (Yn - 1)4 

Xn -- X n -  1 
- . ( l a )  

E4mean' l iq  (Xn)4 - X n -  1 

Additional conditions of the relation between ideal and actual plates for the considered versions are  the 

constancy of molar flows of the vapor and the liquid passing through both plates and  the equality of heat  t ransfer  

between the plates and the surrounding medium in both  cases. For all versions the equation of material  balance of 

an actual plate has the same form 

L(xn - = V ( y n  - (14) 

In accordance with the conditions ment ioned above, relation (1) for  the considered versions (Fig. 2) 

acquires the form 

m [(Xn) 1 + X n _ l ]  ( I S )  
(Yn) l = 2 ' 

m [x  n + (Xn_l) 21 (16) 
Yn = 2 ' 

y. m tx n + ( x ; - 0 3 1  (17)  
( n)3 : 2 ' 

m [(Xn) 4 + X n _ l ]  
Yn = 2 (18) 

As a result of simultaneous solution of relations (2)-(4) ,  (14), and (15) we can derive the re la t ionship 

Xn - X n -  1 = L 1 = L 1 ' 

m V  2 m V  2 

(19) 

from which it follows that the efficiency in vapor and liquid phases for the version given in Fig. 2a are  equal to each 

other ,  viz., 

E l m e a  n = E l m e a n ,  v = E lmean , l i  q = 
Yn -- Y n -  1 Xn --  X n -  1 

(Yn)l - Y n - 1  (Xn)l -- X n - I  

(20)  

Simultaneous solution of relations (5)-(7),  (14) and (16) allows one to obtain the expression 

739 



Xrt ~ Xn--  1 "~" 

Y n - 1  Y n - 1  
X n - 1  m X n - 1  m 

= ( 2 1 )  
L 1 L 1 ' 

~ - 1 +  - - - 1 +  
m V 2E2mean, v m V 2E2mean,li q 

which confirms the equali ty of the efficiencies in vapor and liquid phases (Fig. 2b) 

Yn - Y n - I  Xn - x n - 1  (22) 
E2mea  n = E2mean,  v = E2mean,l i  q = . = . �9 

Yn - ( Y n - 1 ) 2  X n -  ( X n - 1 ) 2  

Solving express ions  (8)- (10), (14), and  (17) simultaneously,  we can obtain the relationship 

Xn --  x n -  1 -~ 

( ( ' ,) 
E3mean.v  X n - 1  - ~ E3mean, l iq  xn-1  m (23) 

L 1 L 1 ' 
m--V + -2 - -  E3mean,v m~V + 2 - E3mean,liq 

from which it also follows that the efficiencies in the vapor phase  and  the liquid for the version presented  in Fig. 

2c are equal: 

Yn --  Y n -  ! _ Xn -- x n - l  (24) 
E3mean  = E3mean 'v  = E3mean' l iq  - (Yn)3 - Y n - I  Xn - ( X n - l ) 3  

The  solut ion of expressions (11)-(14) and (18) leads to the relation 

Y n -  1 Y n -  1 
X n - 1  m X n - 1  tel 

Xn - X n - 1  = L 1 = L 1 ' 

m V -- 2E4mean, v m V 2E4mean,li q 

(25) 

which, as previous similar ones, confirms the equality of the efficiencies in the vapor and the liquid for the scheme 

depicted in Fig. 2c: 

Yn - Y n -  1 Xn - X n -  1 (26) 
E4mea n = E4mean, v = E4mean,li q = . - . 

Yn - (Yn-1)4 (Xn)4 - X n - I  

Thus,  for  each of the considered versions,  the efficiencies in the vapor phase and the liquid are  equal, what 

takes place in the Hausen  model and dist inguishes the first and  the second versions from the Murphree  model. 

On the left of relations (19), (21), (23), and (25) the dif ference of the concentrations of the easily volatile 

component in the liquid reaching the actual plate and draining from it, i.e., the same technological result,  is shown. 

Equating the r ight  sides of these relations with account for (20), (22), (24), and (26) allows one to obtain relations 

between the efficiencies of all the considered versions of mass t rans fe r  in cross motion of the components  

L 1 L + 1  
m r S _  L + 1 N  l - -  m V  2 1 - - I ~  1 (27) 
E1 mean m V 2E2rnean E3mea n m V 2E4mea  n " 

Analysis of the efficiencies of the plates shows that they  coincide for some versions. In particular,  similar 

formulas have express ions  for the efficiency in the vapor phase (3) and  (9), (6) and (12) and in the liquid (4) and 

(13), (7) and (10). However,  no equality of the values of the efficiencies determined by the above-given formulas 

follows from this.  It is expedien t  to cons ide r  the ment ioned  groups  of expressions in combinat ion  with the 

corresponding equat ions of material balances of ideal plates and  also with the conditions of the equilibrium of 
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Fig. 3. Dependence of the efficiencies Elmean and E2mea n at different values 
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Fig. 4. Dependence of the efficiencies Elmean and E3mea n at different values 
of L / m V :  1) 0.1, 2) 0.2, 3) 0.5, 4) 0.7, 5) 1.0, 6) 2.0, 7) 5.0, 8) 10.0. 
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Fig. 5. Dependence of the efficiencies Elmea n and E4mea n at different values 
of L / m V :  1) 0.0, 2) 0.2, 3) 0.3, 4) 0.4, 5) 0.5, 6) 0.7, 7) 1.0, 8) 2.0, 9) 5.0, 
10) I0.0. 
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Fig. 6. Derpendence of the efficiencies E2mean and E3mea n at different values 
of L / m V :  1) 0.1, 2) 0.5, 3) 1.0, 4) 2.0, 5) 5.0, 6) 10.0. 

compositions which are individual for each version. In particular cases at certain ratios of flows and concentrations 
the coincidence of the values of the efficiency of some versions is possible. 

Figures 3-8 present graphs of the interrelations between individual pairs of efficiencies at some values 
of L / m V .  

As is seen from Fig. 3, the values of the efficiency E2mean are higher than those of Elmean within the range 
0.5 < L / m V  < 1, lower for L / m V  > 1, and coincide at L / m V =  1. At L / m V  < 0.5 the relations of the efficiencies 

Elmean and E2mea n are  beyond real values of one of them. So, for example, efficiencies E2mean smaller than zero or 
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Fig. 7. Interrelat ion between the efficiencies E2mea n and  E4mea n. 

Fig. 8. Dependence of the efficiencies Eamean and E4mea n at different values 

of L / m V :  1) 0.1, 2) 0.5, 3) 1.0, 4) 2.0, 5) 5.0, 6) 10.0. 

h i g h e r  t h a n  u n i t y  c o r r e s p o n d  to the  r ea l  r a n g e  0 < Elmea n < 1, w h i l e  the  r ea l  e f f i c i e n c y  in t he  r a n g e  

0 < E2mea n < 1 is obse rved  at negative Elmean or at Elmea n > 1. This  fact  can be useful in the  in terpre ta t ion  of 

experimental  s tudies  w h e n  the efficiency of the plate on use of one of the  two considered models  of mass  t ransfer  

acquires unreal  values  which defy common sense.  In this case it is exped ien t  to use ano the r  model .  

A compar i son  of the  efficiencies Elmean and E2mean shows tha t  the  first is smal le r  than  the  second for 

L / m V  > 0.5 (Fig. 4). Th i s  difference becomes less as L / r n V  increases  and  virtually d i sappears  in the region 

L / r n V  > 2. At L / m V  < 0.5, as in the previous case, to the real range  of one of the efficiencies there  correspond 

values of the o the r  tha t  a re  lower than zero or higher than unity; this can also be used in obta ining unreal  values 

of one of the efficiencies in one of the ment ioned models of mass t ransfer .  

In contras t  to the  two previous cases a relation between the real  efficiencies Elmean and  E4mea n is possible 

only in the region of L / m V  < 0.5 (Fig. 5). The  difference between these  efficiencies decreases  with L/rn  V and the 

first of them is smal le r  than  the other. At L / m V  > 0.5 real values of one  of the efficiencies occur  when  the other  

is unreal; this can also be  used in the interpretat ion of experimental  data .  

Study of the  efficiencies E2mea n and  E3mea n (Fig. 6) shows tha t  real  values of the  first  a re  lower  than  those 

of the second at  a n y  ra t ios  L / m V  and the difference between them decreases  with L / r n V .  T h e  efficiency E2mean 

is higher than E3mea n in unreal  regions when they are higher than uni ty  and  lower than  zero. 

The in te r re la t ions  between E2mean and  E4mea n and also between E3mea n and E4mea n do not  exist  in a real 

range (Figs. 7 and  8);  this impairs the importance of the model of mass  t rans fe r  shown in Fig. 2d. It should be 

emphasized that  the  re la t ionship  between the efficiencies E2mea n and  E4mean (Fig. 7) does not  depend  on the 

parameter  L / m V ,  i.e., it affects both of them equally. 

It follows f rom the analysis  made that  the highest real values of the efficiency can be ob ta ined  using the 

model  of m a s s  t r a n s f e r  p r e s e n t e d  in Fig. 2c. For  the  region L / r n V  > 1 the e f f ic ienc ies  a r e  a r r a n g e d  as 

E3mea n > Elmea n > E2mean; w i t h i n  the  r a n g e  of 0.5 < L / m V  < 1 w e  h a v e  E3mea n > E2mea n > Elmea n. W h e n  
L / r n V  < 0.5, a s i m i l a r  s e q u e n c e  is a b s e n t  a n d  o n l y  c o m p a r i s o n  of s e p a r a t e  e f f i c i e n c i e s  is o b t a i n e d :  

E4rnean > Ehnea n a n d  E3mea n >E2mea n. It is of interest to note that if the  efficiencies are  h igher  t h a n  uni ty  or lower 

than zero, then t hey  a re  a r ranged  in an inverse sequence: E3mea n < Elmea n < E2mea n in the region L / r n V  > 1, 

E3mea n < E2mea n < Elmea n within the range  0.5 < L / m V  < 1, and  E4mea n < Elmea n and  E3mea n < E2mea n when 
L / m V  < 0.5. 

Thus,  all the  sugges ted  models of mass  t ransfer  can be used in the in terpreta t ion of tes t  and  industrial  

data,  but the best  compar i son  at various rat ios of the flows of liquid a n d  vapor  with ficcount for  the  coefficient of 

equilibrium is poss ib le  only  for the versions presented in Fig. 2a-c. 
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N O T A T I O N  

E, efficiency of the plate; L, molar flow of the liquid; m, coefficient of equilibrium; V, molar flow of the 
vapor; x, y, concentrations of the volatile component in the liquid and the vapor, respectively. Super- and subscrips: 
fin, final portion; liq, liquid phase; in, initial portion; n, number of the considered plate; n - l ,  number of the 
previous plate streamwise with the vapor flow; mean, mean value; v, vapor phase; *, equilibrium state; 1-4, numbers 
of the considered versions of the change in the concentrations. 
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